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Abstract—This paper considers a linear autonomous differential-difference system of neutral
type with lumped delays. For such systems, an output-feedback controller is proposed that
simultaneously solves the finite stabilization (complete damping) problem and ensures a finite
(albeit, nonarbitrary) spectrum of the closed loop system. For this controller, an existence
criterion is derived and a constructive design method is presented. The distinctive feature of
the controller is the absence of any distributed delay in the structure, which is important for
its practical implementation. The results are illustrated by a numerical example.
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1. INTRODUCTION

Systems of differential equations with delay are used to model many processes in ecology,
medicine, electrodynamics, deformed solid mechanics, engineering, economics, and other fields [1-3].
On the one hand, considering delay in a model improves reliability in describing real phenomena
and predicting the behavior of the corresponding systems. On the other hand, incorporating pro-
cess characteristics at previous time instants into the evolution law of the system increases its
complexity. In this connection, quite a lot of research works have been devoted to the general
theory of delayed systems and their applications (for example, see the Introduction in [3]). This
paper addresses the issue of the finite stabilization of linear neutral systems with lumped delays in
the state and control variables.

Stabilization problems for delayed systems are rather difficult [4-11] and have not been fully
investigated to date. One possible approach is based on calculating the unstable eigenvalues of
the spectrum and then replacing them with suitable numbers. However, finding such values is a
nontrivial task. Therefore, a more universal method is to assign a finite spectrum to a closed loop
system [12-15], usually consisting of numbers with negative real parts.

Generally speaking, the set of eigenvalues of a linear system with aftereffect is infinite, so it
seems natural to control all eigenvalues of such a system by tuning the coeflicients of its character-
istic quasipolynomial (the problem of modal control [16-19]). Another line of stabilization-related
research consists [14, 20-22] in designing a feedback controller that ensures, after a finite time, zero
values for all components of the state vector of the the original open-loop system (the finite sta-
bilization problem [23, 24|, in other words, providing the complete 0-controllability by a feedback
controller). An original idea for solving the finite stabilization problem is to introduce a feedback
loop so that the closed loop system becomes a system with a finite spectrum pointwise degenerate
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2 KHARTOVSKII, URBAN

in the directions corresponding to the solution components of the original system. Such ideas were
further developed to systems of neutral type [15, 17, 21, 22]; a systematic presentation of these
results can be found in the monograph [25].

In this paper, a finite stabilization output-feedback controller is designed for linear autonomous
systems of neutral type with lumped commensurate delays. This is an output-feedback controller
based on measurements of an observed signal that ensures both finite stabilization and a finite
spectrum. In the case of a delayed system with scalar input and output, such a problem with
the choice of any finite spectrum was studied in [24] and, for multi-input neutral systems, in [26].
A disadvantage of the approach described in [26] is the presence of distributed delay terms in
the controller, although the original plant has only a lumped delay. During practical implemen-
tation, the integrals containing a distributed delay are replaced by finite sums, which may lead
to undesirable consequences even when using high-precision quadrature formulas (e.g., the loss of
stability) [27, 28]. The fundamental difference between this paper and [26] is the new structure of
the controller, which contains purely lumped commensurate delays. The idea is to construct a dis-
continuous feedback defined by two controller loops (inner and outer). The inner loop “smoothens”
the solution over time by using a feedback law that transforms the original system into a delayed
one. After the solution reaches the necessary smoothness, the second loop is activated to ensure
the pointwise degeneracy of the closed loop system in the directions corresponding to all solution
components of the original (open-loop) system.

2. PROBLEM STATEMENT

Let the plant under consideration be described by a linear autonomous differential-difference
system of neutral type with lumped commensurate delays:

Q(t) — ip@(t —ih) = i (Asz(t = i) + Biu(t — ih)), t>0,
=1 =0

y(t) => Ciz(t—ih), t=0,
=0

where x is the state vector of this system, u is the control input, y is the observed output, and
h = const > 0; D; € R™" A; € R™", B; € R™" and C; € R*™,

We introduce the following notations: I; € R*? is an identity matrix, and )y, is the shift operator
defined by the rule (\,)* f(t) = f(t — kh), k € N, for a given value h > 0 and an arbitrary function f.
With the polynomial matrices

D) =) DN, AN => AN, CA)=> CX, B(A)=> B\,
=1 =0 =0 1=0

the original plant can be written in the operator form

(I — DOW)i(t) = AN (t) + BOwu(t), ¢ >0, 1)
y(t) = COwa(t)

=
~
~
WV
o
—
[N}
~—

The solution of equation (1) is uniquely determined by the initial condition
xz(t) = p(t), u(t)=0, te[—mh,0]. (3)

Suppose that ¢ € C? ([=mh, 0], R™) is an unknown function, where Ck(-) indicates the class of k — 1
times continuously differentiable functions with a piecewise continuous derivative of order k. The
control input u is a piecewise continuous function.
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INCOMPLETE MEASUREMENTS-BASED FINITE STABILIZATION 3

Let R™™[p, A] (R™*™[A]) be the set of all matrices of dimensions n xm whose elements represent
polynomials of the variables p, A (A\) (if m = n = 1, the superscript will be omitted), where p,, =
d/dt is the differentiation operator.

We define an output-feedback controller of the form

u(t) = U]-]-(pD7 )‘h)y(t) + U12(pD7 )‘h)j(t)7
Z(t) = Ua1(pp, An)y(t) + Una(ppy, An)E(E),  t > to.

Here, ¥ € R? is an auxiliary variable, o > 0 is some number chosen below (u(t) =0, t < to),
Ui(p,A) € R™![p,A], Ura(p,A) € R™"[p,N], Uai(p,\) € R"![p,A], and Unn(p, ) € R™
For implementing the controller (4), we specify the initial condition

(t) = (1), t€lto—hto) (h=ah, &=max{deg,Us(p,\), k=1,2}), (5)

where ¢ € 5’7([150 — ﬁ,to],]Rﬁ) is any function, p = max{deg, Ur2(p, \),k = 1,2}, and the notation
degy f(A) means the degree of a polynomial (including a matrix one).

The goal of this paper is to design the controller (4) ensuring the following conditions:

(a) Regardless of the initial functions ¢ in (3) and ¢ in (5), there exists a number ¢; > 0 such
that the vector component x of the solution vector col[x,Z| of the closed loop system (1), (4) is
zero starting from a time instant ¢y, i.e.,

z(t) =0, t>t. (6)

(b) The closed loop system (1), (4) is a linear autonomous system of neutral type with a finite
spectrum.

Remark 1. (a) By a linear autonomous homogeneous neutral system with commensurate delays
we mean a linear autonomous system Y (p,, Ap)z(t) = 0, T(p, \) € R™*"[p, \] with a characteristic
quasipolynomial of the form | Y (p, \)| = 34 p'di(\), where v = n deg, T(p, ), d;(\) are polynomi-
als, d,,(0) = 1, and the symbol | - | stands for the determinant of a matrix. By introducing auxiliary
variables, such a system can be rewritten as (1). Linear autonomous differential-difference systems

with delay (d,(A) = 1) and ordinary systems are treated as a special case of neutral systems.
(b) Since Ujj(p,A) are polynomial matrices, system (1), (4) has only lumped commensurate
delays.

Definition 1. A controller (4) implementing conditions (a) and (b) will be called a finite stabi-
lization output-feedback controller.

Let us denote W(p,\) = p(I, — D(\)) — A(N).

Lemma 1. Assume that for system (1), (2), there exists a finite stabilization output-feedback
controller (4). Then

rank [W(p,e "), B(e™?")] =n VpeC, (7)

rank [I,, — D(A),B(\)] =n VX €eC, (8)
W (p,e ")

rank [ e ] =n VpeC, (9)

[PV e 10

ran l N 1—71 SH O (10)

The proof is postponed to the Appendix.
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4 KHARTOVSKII, URBAN

3. THE MAIN RESULT

Now we formulate the main result of this paper.

Theorem 1. For system (1), (2) there ezists a finite stabilization output-feedback controller (4)
iff conditions (7)—(10) are valid.

Proof. Necessity follows from Lemma 1. Sufficiency. The sufficient nature of the conditions of
Theorem 1 will be established in two parts. In the first part, we design a controller implementable
under the condition that the output y(¢) is a (pg — 1) times continuously differentiable function with
a piecewise continuous derivative of order pg, where the number pg is determined when constructing
the controller (see Remark 2). To satisfy the above condition for the function y(¢), we suppose
that ¢ € CPo. The second part of the proof considers the general case p € C! and po > 1, i.e., the
smoothness of the initial function does not ensure the same property for the output y(¢), which is
described above.

3.1. The Case ¢ € CP0

To prove the sufficiency of the theorem’s conditions, we design the controller (4). The design
process will consist of the following steps: 1) constructing a finite stabilization state-feedback
controller; 2) constructing a finite observer; 3) designing a finite stabilization output-feedback
controller based on the parameters of the controller and observer constructed at the previous steps.

1. Constructing a finite stabilization state-feedback controller

Due to (7) and (8), for system (1), there exists [22; 25, p. 358] a controller (further called a
finite stabilization state-feedback controller) of the form

u(t) = LOO(pD7 )‘h)x(t) + Loy (pD7 )‘h)j(t%

. (11)
j(t) = LlO(ppv )‘h)x(t) + Lll(ppa )\h)j(t)v t>0,

where T € R™ is an auxiliary variable, Loo(p,\) € R"™"[p, ], Lo1(p,\) € R"™*"[p, \], Lio(p,\) €
R™™[p, \], L11(p, \) € R™"[p, A], and deg,L;;(p, \) = 1, with the following conditions:

(1) Tt is possible to find a number ¢; > 0 such that, regardless of the initial condition of sys-
tem (1), (11), we have

z(t)=0, t=>t. (12)

(2) System (1), (11) is a linear autonomous neutral system with lumped commensurate delays
and a finite (albeit, not a priori given) spectrum. Since the spectrum of the closed loop system is
finite, the determinant of the characteristic matrix of this system will be a polynomial, i.e.,

[Wo(p, M| = do(p)- (13)

Here, do(p) is some polynomial and Wy(p,e P") is the characteristic matrix of system (1), (11)
given by

Wo(p.A) = W(p,A) = B(AN)Loo(p, A) —B(A)Loi(p, A) (14)
oA ~Lig(p, N) pli— Lu(p.\) |

We present the idea of constructing the controller (11) [22; 25, p. 358]. Conditions (7) and (8)
are necessary and sufficient for the existence of matrices L;j(p, A) in (11) such that the system
corresponding to the matrix (14) is pointwise degenerate in the directions ¢€;, i =1,n+n — 1,

AUTOMATION AND REMOTE CONTROL Vol. 86 No.1 2025



INCOMPLETE MEASUREMENTS-BASED FINITE STABILIZATION 5

where €; is the ith column of the matrix I,,+5. This implies [29] the existence of a time instant ¢;
such that &col[z(t),Z(t)] =0,t > t1,i = 1,n + 7 — 1. (The prime’ indicates transpose.) The latter
identity ensures (12). The construction procedure for the matrices L;;(p, A) from (11) was described
in [22; 25, p. 358].

2. Constructing a finite observer

By a finite observer we mean [30, 31] a linear autonomous delayed differential system dependent
on the output (3) with lumped commensurate delays, a finite spectrum, and the output v that has
the following property: there exists a time instant ¢, > 0 starting from which, regardless of the
initial conditions of the observer and equation (1), the observer’s output v is equal to the solution
x of equation (1) generating the output y, i.e., z(t) = v(t), t > t..

As was shown in [30, 31], conditions (9) and (10) are necessary and sufficient for the existence
of a finite observer. In this case, the observer can be constructed both as a system with distributed
delays and any given finite spectrum [30] and as a system without distributed delays with a finite
(albeit, not a priori given) spectrum [31]. For the goal of this paper, we will modify one observer
from [31].

By condition (10), there are matrices L1(A\) € R™¥![)\] and La()\) € R™*![)] such that [17, 22]

et~ D =1, Duy = | ) 2 (15
n—+l L =4 L - C()\) )\LQ(A) .

Let IT(\) = [II;; (/\)]7?].:1 be the adjoint matrix for the matrix (I,4; — Dr (X)), where II1;(\) €

R™"[\], Tli2(A) € RN, Mg (N) € RX?[A], and Tlap(A) € RN, From (15) it follows that

II(A) = (g — DL(/\))_l. We introduce the new function
x(t) = (In — D(An))2(t), t=0. (16)
Let Y(t) (Y € R, t € R) be an arbitrary function. Applying the operator II(\;) to the equality

Ly = D(A\n)  —AnLi(An) 1 [x(t) 1 x(t) 1 N [ =AnL1(An)X(t) 1 LS 0
( ) = 9

—C(An) I = AnLa(An) | [ X(2) —y(t) I — A La(An))X(t)
on the left allows establishing the relation
z(t) = (Ap)x(t) — Mia(An)y(t), &= 2h, (17)

where v, = max{vy;, j = 1,2} and v;; = deg,II;;(\). Next, let us denote

C (M1 (A) ]

AN = AN (), CO\) = [ (I, — DX\) I (N) — T,

I + C(M)12(N)

y(t) = Cy(An)y(t), t=7sh, Cy(A) = (I, — D(\)12(N)

‘|7 ’YS:m+’Y2~

Based on (16) and (17), system (1), (2) can be written as an inhomogeneous linear autonomous
differential-difference system with commensurate delays and the known output ¢:

X(t) = AQw)x(8) + BOw)u(t) — A2 (A)y(t), ¢ > y3h, (18)

y(t) = CAn)x(t), t=1sh. (19)
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In view of (9), system (18), (19) satisfies the condition [30, 31]

In—ﬁe_ph
rank b _ ( )}:n Vp e C. (20)

C(ePh)

From (20) it follows that, for any 39 € {1,...,n + I}, there exists a matrix V;,(\) € R**(**+D[)\] such
that

[ pI — A(e7™) — Vi, (e P)C(e ")
rank

S ] =n VpeC, (21)

where &, (\) is the igth row of the matrix C(\) [12]. Letting
Av(N) = AQ) +VigWCR), Ko(A) = =AM (M) = Vig(A)Cy (V) (22)

and using equations (18), (19) and formulas (22), we replace system (1), (2) with

X(t) = Av(Ap)x(t) + B(An)u(t) + Ko(Ap)y(t), t> 11,

. (23)
gio (t) = Eio (/\h)X(t)7 t =t

where §;,(t) is the igth component of the vector §, 1 = (v + 73)h, and vy = deg) Vi, ()).
Due to condition (21), for system (23), there exists [31] a finite observer in the form of a finite-
spectrum system with purely lumped commensurate delays:

£(t) = Q(pp, Mn)z(t) + K(Mn)y(t) + B(An)u(t), t >t (24)

in addition, the output v, determining the estimate of the solution y of system (23) is given by

02 (t) = [In,Onxs]2(t), t>1. (25)
Here, z =col[z1,22], 21 € R", 29 € R3, 2 = col[z11, ..., 2z1n], 22 = col[za1, 222, 223], Q(p,A) €
ROH3)X(E3) [ 2] 0,50 denotes a zero matrix of dimensions n x m,
_ B(\)
B(\) = ; (26)
03XT

and the matrix K (A) is found from the equality

KOw(t) = [KOW)] §(E) — ensifin(t) — ([KW’”] - ézocyuh)) s, @

03><l O3><l

where e; and é; are the ith columns of the matrices I, 43 and I,,1, respectively. The matrix Q(p, \)
is obtained by the scheme for constructing the finite observer matrix for a homogeneous delayed
system with scalar output [31]. The elements of the matrix Q(p, A) are such that, after introducing
auxiliary variables, the homogeneous system (24) can be written in the standard form of a linear
autonomous delayed system (i.e., as X (t) = X(\,) X (t), where ¥(\) is a polynomial matrix), and

|pIn+3 - Q(pa )‘)’ = dl (p)> (28)
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INCOMPLETE MEASUREMENTS-BASED FINITE STABILIZATION 7

where dy () is a polynomial. The matrix Q(p, A) has the form

[ af;(A) ...oaf, () g11(N) J12 0 T
a’r‘;l ()‘) s d%n()‘) Inl ()\) §n2 0
Qp,\) = | B : (29)
c}o (A ... i (A) | gnt11(p, A) 1 0
0 ... 0 [Agni21(0:A) gny22(0,A) gnr23(N)
L 0 ... 0 Agnt31(A)  gngs2(A)  gngzz(A) |

where G;;(A) are the elements of the matrix Ay(\), Ay(\) = [al, (V)] & (\) are the elements of

7 ?
the vector ¢, (X), G, (A) = [, (A), ..., (V)], gij(p, ) and gij(Z\) argxgolyr(;omials of the variables
p, A and A, respectively, and ;o € R.

Remark 2. Let pg = max{deg,gni21(p,\) — deg,(gns11(p; A) —p),1}. The component zo; de-
pends on the output y; therefore, 29, € 5p0([fl,+oo),R) is a necessary condition for the term
Angn+21(Pp, An)z21 to exist in system (24). Hence, we require §;, € 5p0([fl,+oo),R), which is
achieved by ¢ € CP°([—mh, 0], R").

The components of the initial function z(t), t € [t; — ho, 1] (ho specifies the delay of system (24)),
are taken smooth enough with a piecewise continuous senior derivative. (For each component, the
order of this derivative is determined by the maximum degree of the variable p of the corresponding
polynomials in the matrix (29).) In particular, it is possible to set z(t) = 0, t € [to — ho, to].

Now we explain the idea of choosing the elements of the matrix Q(p,A). Let ( =v, — x = 21— X
denote the estimation error and ¢ = col [(, z2]. In view of (29) and (25), the vector function ((t) is
given by the linear autonomous delayed system

() = Qop, M)C(H), > . (30)

The elements of the matrix Q(p, \) are chosen so that system (30) is pointwise degenerate in the
directions corresponding to the first (n + 2) columns of the matrix I,, 13, i.e., in the directions e;,
i = 1,n + 2. Hence, there exists a time instant 5 such that egg:(t) =0,t>1,i=1,n + 2, regardless
of the initial function defining the solution of system (30). Consequently, the equality

X(t) =wv.(t), t=to, (31)

holds for any initial functions of systems (1) and (24).
Finally, we estimate the solution of system (1), (2) using formula (17). With

o(t) = 11 (M) [In, Onxs] 2(t) — T2 (Mn)y(t),  t >, (32)
from equality (31) and formula (17) it follows that
z(t) =v(t), t=>ts, (33)

where t3 = t3 + v11h. Thus, the finite observer (24), (32) has been constructed.

3. Designing a finite stabilization output-feedback controller

Let us derive expressions for the controller (4). To this end, the control inputs u(t) in equa-
tions (24) are replaced using the first formula of (11); the variable x in the resulting equation and
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8 KHARTOVSKII, URBAN

the relations (11) is expressed through z, y using (33) and (32). Next, denoting the variables z, z
by x1, x2, respectively, we write the controller

u(t) = Roi(pp, An)z1(t) + Ro2(pp, An)w2(t) + Roo(pp, An)y (1), (34)
E1(t) = Ri1(pp, An)z1(t) + Ri2(pp, An)z2(t) + Rio(pp, An)y(t), (35)

i5(t) = Raa(pp, An)2a(t) + B(w) (Rot(pp ) (1) .
+ Rog(pD, /\h)xg(t) + Roo(pD, /\h)y(t)) + K(/\h)y(t), t > 1o,

where z; e R™, i=1,2 (ny=n, ng=n+3), are auxiliary variables, ty= agh, ap=
max { deg)\ ROO (pv )‘) + m, deg)\ RIO (pv )‘)7 deg)\ K()\)}v and

Rio(p, A) = —Lio(p, N1Li2(X),  Rii(p, A) = Lii(p, A),
Rio(p, \) = Lio(p, NIL11(A) [In, Onxs], i =0,1, Raa(p,A) = Q(p, N).
Letting & = col{z1, 2], U11(p, A) = Roo(p, A), Ui2(p, A) = col[Ro1(p, A), Ro2(p, A)], and

RlO (pv )‘) ‘|
(M Roo(p, A) + K(\) |

(37)

Ua1(p, A) = [F

Ri1(p, M) Ria(p, M) ]

Usz(p,A) = lF(/\)Rm (p,\) Roa(p, \) + B(A\)Roz2(p, \)

allows representing the controller (34)—(36) in the form (4).
Let é; be the columns of the identity matrix I, 4y, 4n,-
Proposition 1. System (1), (2), (34)—(36) is pointwise degenerate in the directions é;, i =

IL,n+n—1,1=n+n+1,n+n1+ne—1, and the set of its spectral values and their multi-
plicity are determined by the roots of the polynomial dy(N)dy(N).

The proof is provided in the Appendix.

By Proposition 1, the constructed controller (34)—(36) is a finite stabilization output-feedback
controller. In the case ¢ € C”°, Theorem 1 is proved.

3.2. The Case ¢ € !

If po = 1 (see Remark 2), then the controller (34)-(36) is the desired finite stabilization controller
and the considerations of Section 3.2 become unnecessary. In what follows, we assume that py > 1.

The finite stabilization output-feedback controller will be constructed as a variable structure
(discontinuous feedback) controller [33] consisting of two serially connected loops: inner @ and
outer v:

0, t < ts
ut) = { at), t € (ts, tg) (38)
a) +ot), >t

The inner loop u ensures “smoothing” of the solution of the corresponding closed-loop system (1)
over time. Once the solution of the system is py — 1 times continuously differentiable and has a
piecewise continuous derivative of order pg, the outer loop v (34)-(36) is activated to ensure the
pointwise degeneracy of the closed loop system.
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INCOMPLETE MEASUREMENTS-BASED FINITE STABILIZATION 9

Remark 3. In general, the loops @ and v may contain auxiliary variables as their arguments.
Therefore, the full description of the finite stabilization output-feedback controller will be the
relation (38) supplemented by differential equations with initial conditions describing the behavior
of the auxiliary variables similar to the relations (4) and (5).

Let us impose a condition on the parameters of the homogeneous (u = 0) system (1) under which
the smoothness of its solution will increase over time. We denote by IIp(\) the adjoint matrix for
the matrix (I, — D()\)), mo = degy AN p(N).

Lemma 2. Assume that the homogeneous (u = 0) system (1) satisfies the condition
I, — D(V)| =1 (39)
and p € C~1 in the initial condition (3). Then, for any p1 € N and the solution x of system (1), we
have x € CP* ([ts + p1moh, +00), R™), where t4 = hdegy IIp(N).
The proof is given in the Appendix.

Remark 4. The identity (39) is equivalent to the fact that thf} characteristic quasipolynomial of
system (1) has the form [W(p,\)| = p™ + 37 p’d;()\), where d;(\) are polynomials.

Remark 5. By the proof of Lemma 2 (see the Appendix), under (39), the homogeneous system
of neutral type is reduced, through a nondegenerate change of the variables, to a delayed system
whose solution will smoothen over time. Let us present other considerations showing that if (39)
holds for the homogeneous system of neutral type, the smoothness of the solution will increase
with ¢. For clarity, let Dy # 0 and D; =0, i = 2,m, i.e., system (1) has the form

z(t) — D1az(t — h) = A(A\p)x(t), t>0.
Then we obtain the following chain of equalities:
() = A(An)z(t) + Dii(t — h)

= A(Ap)x(t) + D1 (A(Ap)z(t — h) + Dy&(t — 2h)) (40)

Z x(t —ih) + D™i(t —mh), t>mh, m€N.
=0

In this case (D1 # 0 and D; =0, i = 2,m), condition (39) becomes |I,, — AD;| = 1. This means
that the matrix D; is nilpotent. Let /g be the nilpotency index of the matrix Dy, D" = 0. Then
from (40) we obtain

mo—1

Z DiA(R)x(t —ih), t > 1mgh. (41)

System (41) is a delayed system with m(mo — 1) commensurate delays. Therefore, for ¢ > kmgh,
k=1,2,..., the smoothness of the solution increases by k units.

Similar reasoning is valid for an arbitrary polynomial matrix D()). (Condition (39) as necessary
and sufficient for the nilpotency of some matrix at the derivatives of the solution containing delays
was discussed in [25, p. 218]; see Lemma 4.10.)

Lemma 3. Under conditions (8) and (10), there ewist matrices Un(A) € RN, Uia(N) €
R D[N Ugy (A) € ROFTHXRN] - and Upa(A) € RUFHDX0+nHDIN] sych that

| Tongr1 — DOV)| = 1,
= D(A) + BAT1(NC(N) BWT1(N)| (42)
D)) = . ~ , D(0) = 094 ) -
( ) UQl()\)C()\) UQQ()\) ( ) (2n+4r+1)x (2n+r+1)
The proof is postponed to the Appendix.
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We define the inner loop controller by the relations

U(t) = pp Ut (M)y () + pp Uiz (An)z3(t) + v1(2),

R R (43)
.’Eg(t) = pDU21 ()\h)y(t) +prp Ugg(/\h)xg(t) + Ug(t), t > s,

where x3 € ]R”Jr”;l is an auxiliary variable, v = col[v1, vo], the matrices Ui;(\) ensure (42), t5 =
hmax {m + degy U1(A), degy U1 (\)}. We write system (1), (43):

- D x(t) _ A()‘h) Onx(n r+1) x(t)
(IQn—H‘-I-l D(/\)) |ﬂ,‘3(7§{| B [O(n—i-r-I—l)Xn 0(n+r+l)>-<i—(n—:—r+l)‘| Lc?,(t)]

+ B()\h) Onx(n—i—r—i—l)
O(n—i—'r—i—l)xr Lnirti

(44)
] o(t), t>ts.

Due to the condition 5(0) = 0(2n+r+10)x (2n+r+1)> System (44) has neutral type; in view of (42), it
also satisfies the condition of Lemma 2.

Let us specify the initial condition x3(t) = ¢3(t), t € [ts5 — h3, t5), where @3 € C'([ts — h3, t5),
R™+7+1) is any function and hg = hmax {deg)\ Wiz(\), degy, W23()\)}.

For system (44) we add the output signal

yi(t) = [0 C(An) Ol><(n+r+l)] lx(t)‘| ’ (45)

(ntr+l)xn Lnirsi €3 (t)

where y;(t) = col[y(t), x3(t)]. Clearly, system (44), (45) satisfies the conditions of Theorem 1.

Let v(t) =0, t < tg, in system (44). For ¢ > tg, we construct the loop v according to the scheme
of Section 3.1 but for system (44), (45). The number tg is appropriately chosen to fulfill the
smoothness requirement described in Remark 2.

Remark 6. In several cases, there may exist a polynomial matrix U()\) such that |I, — D(\) —

AB(A)U(N)C(A)| = 1. Then, to reduce the size of the matrices of the finite stabilization output-

feedback controller, we should take the inner loop controller in the form @(t) = p, U(An)y(t) + v(t)
instead of (43). In this case, the output (45) is replaced by the output (3), whereas the variable z3

and the corresponding blocks in (44) disappear (see the example below).

Ezample 1. We demonstrate the method of constructing a finite stabilization controller of the
form (4) (see the proof of Theorem 1) on an example of system (1), (2) with h =1n2 and the
matrices

DA =17y 0 0 1

A A2 017/1()\):[1—)\ 1]732[1170(/\):[1+/\, O]. (46)

In this case, the conditions of Theorem 1 are valid. In accordance with Remark 6, we find
a(t) =p, [An]yt) +v(t), t>ts =2h. (47)

(Here, [A] is a matrix of dimensions 1 x 1.)
For the case (46), (47), system (44), (45) takes the form

e[ g
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Interpreting it as system (1), (2), we follow steps 1)-3) of Section 3.1.
1. The controller (11) is constructed as described in [22]:

2 8 2 4
v(t) = [_§A2+A,%+ gAh—z, —g/\%Jr)\h— g} z(t)
7
+[)\§;—§/\ + /\h—l]x (49)
o 42 10 8 4 10 2 5 7]_
x(t)—[ 9)\ )\h+3, 9)\h+ 9] ()+[3)\h 3)\h+3 z(t).

Consider system (48) closed with the controller (49). The characteristic matrix Wy (p, A) (see (14))
has the form

r 2 5 2 1 7 7
1420220 22 ags gyl L]
pH1+43 3 3 +3 +3 5A+
2 8 2 4 7 7
Wo(p, A) = ) N C R - = )3 2 _A+1]. 50
o(p, ) p)\—|-3)\ A 3>\+ p+3)\ A+3 p +2>\ 2/\+ (50)
4 10, 8 410 7
S B il s “\— — ——/\2 3N — =
L9 9 3 9 9 TR 3 |

Direct verification shows that do(p) = p* — p. To investigate pointwise degeneracy we can apply,
g., [29, Theorem 1.1]. Let us briefly illustrate this process. The elements of the first two rows of
the matrix adjoint to the matrix Wo(p,e ") in (50) vanish on the roots of the polynomial do(p);
therefore, the elements of the first two rows of the matrix (Wo(p, e ?")) ~are integer functions. This
property implies [29] pointwise degeneracy in the directions [1,0,0] and [0, 1, 0], i.e., condition (12)
holds. The maximum degree of the variable A in these rows does not exceed 5, so t; = 5h.
2. We construct the finite observer (24), (32). In the case under consideration,

A
A0 =2 A A
241 _Z
2 2+ 0 5
Dp(\) = 0 0 0|, I\ = 0 1 0 )
14X 0 —% 1+X 0 1-2X
A2 3 A2
— 4+ =A+1 —— 1
~ 5 oA+l 0 Sty t
C(\) = _)\_2_5 O,Cy()\): )\_2_5 )
2 2 2 2
0 0 0

System (23) takes the form

2
() = [(1) (1)] X0+ || ), () = [—%—%, ]x(t)- (1)

AUTOMATION AND REMOTE CONTROL Vol. 86 No.1 2025
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Using (51), we finally arrive at the relations (24), (32):

0
0 1
1
) = Qoo a2 () + | 2 L A Ly + | 0| a),

2 "2 0
0

/\h )\h
wty=| 2 T O e+ ?}y@.

0 1 0

Here are the elements of the matrix Q(p,\) located in blocks nos. (1,2) and (2,2):

g11(A) =0, g2a1(A) =0, g31(p,A) = —1,
428 259 827 248 13308418 3263970139 - 64061 677864590419 -,

90PN = —rossms T 3rors Pt ai0130 P 683 506 252 800
| 4504350207517 10314197 1, 100094554247 916287 g
370825875 36325 800 683 506 252 800
| 173281041210530591 5 5199361041200900 o , 47137018631 639513 o
854382816 000 379725 696 000 1139 177 088 000
1145930623 773438 1y 3631 5 21985862341 5 AG0GS0G68593
341753 126 400 605 430 3645600 43747200
154784798249 , 255035489398 , 3925747081 . 90876950917
T T 312a160 PN T T domasis 710888 PN T 15256836000
1150012171 . 1743623839315721 , 30878 , 222361 ,
T T2187360 P T T 14239713600 T3 P om0 P
433453 819967 718133 3824219437 3631
~Toos PN T Toes P T 1m0 P 1serion P 60 ?
160864251357 763079 ;101487 682282697 11y _ 3412403y 3631 o
854382816 000 170876 563 200 585 900 19530
247456747 448040783667 1
32810400 7 61027344000 =
7991397801907001 . 430769061660938381 , 90522930353 255419
951N = ~ 3018768505000 T 51500297520000 ' 794576018880 000
7882042993003211 ,,  38819644979750780339
397 288 009 440 000 11124 064 264 320 000
5204886380912311157 5 16491580988 451 048 767 -
11124064264320000 11124064 264320 000
| 2550527 148568185769 5 6368698078279 )
309001 785 120 000 98377 714 960 000
440280 519864500737 1, T699195015471454567 5 3631y,
77250446 280 000 1236 007 140 480 000 18763 330
| 384150 ;30684351847 , 23072498 102986
41707 400 157653 972 000 44705119375
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g12 =0, ga2 =2,
22963886 6049 5 237550583 113747 1277029067 _,

942(PN) = —To5s “ 7085 TP T 1367100 1200 PN T 607600
1419991 ., 1644438853 , 817177 ., 92476221137 , 2164661 _,
5500 PN T 231360 ~ 1008 PV T 8202600 T T s0m0 P
14100715427003 . 6890671 . 131464618651 3631
T 1ss6163200 w120 PN T Torsmeoo T o6s0
3920013073 . 1930062779 2473263067 ., 105765593 ,, 3631
1749888 3645 600 32810400 18162900 ©  19530"

36874722147 2362315264557 20884081 349 269 |,

95:(N) = = 5700156500 20436626000 T 61309878000
_ 538059413076769 |, 1793665758 154211
1103577 804 000 4414311216 000
1445125981 988557 5 1026288639816701
6621466824000 13242933648 000
_ 8405817164119 \; 1174407170347 (s 106666081
472961 916 000 472961 916 000 563 049 900
3631 10
605430
%g»::—§55+§§44—1§§A¢+§EA?—&A+A6+&
4 8 8 4
g53(\) = —3%»”) + %X‘ — %A?’ + %AQ — %A %

(The form of the other elements is obvious.)

In this case, di(p) = (p—2)(p— L)p(p+ 1)(p + 2)(p + 3) (see (28)). By [29, Theorem 1.1], the
first 4 components of system (30) are degenerate.

3. Now we write the matrices of the finite stabilization controller (34)—(36) for system (48):

1 1 4 7 7
ROQ(]),A): [_§A4+§)\3+§A2_Ai|a ROl(paA): |:)\3—§A2+§)\—1:|,
7

1 1
ROQ(pa )‘) = [_ g)\4 — 6)\3 + g

2., 5., 4 9 .
RIO(pa )‘) = [_ 5)\3 + §)\2 + g)\}a Rll(pa )\) = [5)\2 — 3+ g},

) 2 4

2 2

a2 2 _ =

A —1—3)\ , 3)\ + A 3,0,0,0},

2 1 22 8§ 4 10
Ria(p,A) = [ = 5N+ N + A+ 5.5 A+ -,0,0,0],

1 1
R22(p7 )‘) = Q(p) A)) K()‘) = col [0707 5)\2 - 5)‘)07 0} .

We compose the characteristic matrix Wi(p, A) of the closed loop system (48), (34)—(36) (see the
proof of Proposition 1). Direct verification shows that [Wi(p,A)| = di(p)do(p). By [29, Theo-
rem 1.1], components nos. 1, 2, 4-7 of system (48), (34)—(36) become degenerate in time 16h.
(Here, 16 is the maximum degree of the variable A of the polynomials representing the elements of
the matrices of the controller (4).) Step 3) is completed. In this case, pg = 2; letting p; = 2 and
ty = 4h in Lemma 2, we observe that it is possible to take tg = t5 + t4 + 4h = 10h since mgy = 2
(see Lemma 2). Finally, the finite stabilization output-feedback controller is given by formula (38),
and t; = tg + 16h = 26h can be set in the identity (6).
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4. CONCLUSIONS

In this paper, we have derived an existence criterion for a finite stabilization output-feedback
controller as well as have proposed its design method. Conditions (7) and (8) represent [25, p. 206;
32] a complete O-controllability criterion for system (1), (2) (a complete damping/calming criterion
for this system). Conditions (9) and (10) are [25, p. 204; 32] represent a final observability criterion
for system (1), (2) (i.e., the existence of a single-valued continuous operator for reconstructing
the state of system (1) by the past output (2)). Thus, a finite stabilization output-feedback con-
troller exists iff system (1), (2) is both completely 0-controllable and finally observable. The design
procedure of a finite stabilization output-feedback controller is based on the methods for construct-
ing controllers and observers [22, 25, 31|, which involve algebraic operations implemented in most
modern computer mathematics systems. Therefore, it is possible to automate the computational
procedures proposed above when developing automatic control systems.
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APPENDIX

Proof of Lemma 1. If for any initial function ¢ in (3) there exists a control input u (a pro-
grammed or feedback law) ensuring (6), then system (1) is completely 0-controllable. Hence [32],
conditions (7) and (8) are necessary. Let us establish the necessity of condition (9). Supposing the
existence of a finite stabilization output-feedback controller of the form (4), we assume on the con-
trary that condition (9) is violated for some py € C. Choosing a vector gy € C™ as the solution of the
algebraic system W (po, e P")gy = 0, C (e "")gy = 0, we define the function x,,(t) = Re(goer""),
t > —mh, if it is nonzero and xp,(t) = Im(goeP*?), t = —mbh, otherwise.

The controller (4) ensures the identity (6) regardless of the initial conditions (3) and (5). We
set p(t) = xp, (1), t € [~mh,0], and @(t) =0, t € [tg — h,tg], in (3) and (5), respectively. The
characteristic matrix of system (1), (4) is given by

W(p,A) = BAU1(p, )C(A) —BA)U12(p; A)

Wi ) = Un(p O ol — Uns(p, )| (A1)

where e P" = \. From (A.1) it follows that the function col[z,,(t), 0], t > tg, is a nonzero solution
of the closed loop system (1), (4). This obviously contradicts (6).

Now we show the necessity of condition (10). By the definition of a finite stabilization output-
feedback controller, the spectrum of the system is finite, |IW(p, \)| = w(p), where w(p) is a poly-
nomial. Consider the auxiliary system

(I — ®o(Mn))&(t) = (AR)E(L) + T (Ap)u(t), ¢ >0, (A2)

where @o(\) = (D(N)), ®(\) = (A(N)’, ¥(\) = (C(\)), and @ is a piecewise continuous control
input. The initial conditions for system (A.2) are chosen similarly to those of (3).
For system (A.2) we define the controller

a(t) = Hi1(pp, An)E(t) + Hiz(pp, An)Z (1),
Z(t) = Ho(pp, An)E(t) + Haa(pp, Ap)E(t),

where Hii(p,\) = (BO\)Uwi(p, \)) and Hia(p, A) = (Uzi(p, ), i = 1,2. Let We(p,A) denote the
characteristic matrix of system (A.2), (A.3). It is easy to see that We(p,\) = (Wi(p,\))’, so

(A.3)
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|We(p, e P")| = w(p). Thus, there exists a feedback law for system (A.2) such that the closed loop
system has a finite (but not a priori given) spectrum, i.e., it is spectrally reducible. Therefore [15],
the condition rank[I,, — ®o(\), ¥(\)] = nVA € C holds, which is equivalent to (10). The proof of
Lemma 1 is complete.

Proof of Statement 1. The characteristic matrix Wy (p,e P") of system (1), (2), (34)-(36) is
given by

W(pv)‘)_B()‘)ROO(pv)‘)C(/\) _B()‘)R01(p7A) _B(A)ROZ(pv)‘)
Wi(p, \) = —Rio(p, )C(N) pln, — Rui(p, A) —Ri2(p, A) , (A4)
—(K(N)+B(\)Roo(p,N)C(A) —B(A)Ro1(p, A) pln, — Raz(p, A) — B(A) Roz(p, A)

where \ = e Pl

We represent the variable x9 in the relations (34)—(36) as a vector with two vector components:
r9 = col[xar, 292, where z9; € R™ and x99 € R3. Also, we partition the matrices R (p, \), i = 1,2,
and K(A) in (37) into blocks corresponding to the components 97 and x99 and write them in an
expanded form:

Ro2(p, A) = [Loo(p, MIL11(A), 0px3], Riz(p, A) = [L1o(p, M)II11(A), Ony x3],

AN (A) + Vi(WMC(A) Qua(p, A) Kou)] (A.5)
—-Ki(\)]

Roa(p, ) = ] , K(A) = [
Qa21(p, ) Q22(p; A)
Here, the blocks Q12(p, \) € R™3[\], Qa1(p, ) € R3*™[)], and Qaa(p, \) € R3*3[)\] correspond to
the block partition of the matrix Q(p,A) in (29) (the first upper block of the matrix (29) is the
matrix Ay (A) described by (22)), and K(X) = col[1,0,0]&] Cy,(\) (27).

Remark 7. Below it will be necessary to write the matrices partitioned into blocks. To fit them
on the page width, thus making the considerations more visual, we will occasionally omit arguments
in the notation of matrix blocks. For example, entries like B and Lgoll;; will indicate B(A) and
Loo(p, M1II11(N), respectively.

Using the block partition (A.5) and the definitions of the matrices Ko()\) (22) and B(\) (26),
we write the matrix (A.4) as

W + BLooIl12C —BLo1 —BLoolIT11 Onx3a
LioIT12C pln, — L1 —Lioll1y Onyx3
Wip,\) = ! ~ ! A6
1(}9, ) BLooIl12C+ (All12+V;,Cy)C  —BLo1  pln— All11 —V;,C — BLoolIl1y —Q12 ( )
K.C 031y —Q21 pls — Q22
In system (1), (2), (34)-(36), let us introduce a new variable ¢ as follows:
z21(t) = (In — D(Ap))x(t) +(t), t=>to. (A.7)
The change of variables (A.7) can be defined by the formulas
z(t) z(t) I Onxny Onxn  Onxs
£, £, 0 I, 0 0
.7)1() :Q()\h) -751() 7 Q(A): nixXn ni nixXn ni X3 7 |Q()\)’El
x91(t) e(t) I, — D(A\) Onxny, In Opxs
T22(t) T22(t) O3xn O3xny  O3xn I3

Due to these formulas, the matrix Wi (p, A)2(A) will be the characteristic matrix obtained after the
system replacement, and |W1(p, \)| = |Wi(p, \)Q(N)].
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Further transformations of the matrix Wi(p, A\)Q(\) require some relations. Note preliminarily
that the definition of the matrices II;;(\) implies

L1 (A) (I — D(N)) = 12(A)C(A) = I, (A.8)

Next, in the matrix (A.6), we add block no. (3,3) multiplied on the right by the matrix (I,, — D(X))
to block no. (3,1). Using formula (A.8), we have the following chain of equalities:

B(A)Loo(p; M1z (A)C(A) + (A2 (A) + Vig (A Cy (V) C(A)
+(pIn = AN (V) = VigWNE () = BO)Loo (p, N1t (V) ) (I — D(N)
= B(A)Loo(p, MIL12(A)C(A) + A(MILi2(A)C(N)

(I + C(MI2(N)C(N)

| (1, ~ poymapyey] P P
CONIL () (I = D(V) |
AMMMMU—DM»—%Q)« D@mi()f)mfpgn Y
—B(A)Loo(p, MT11(A) (I = D(X)) = =B(A)Loo(p, A) + p(In — D(A)) — A(N)
C(N) + C)(ha(N)C(A) = T (A) (I — D(N))
+Vio (M)
(I — DOV) (Tl (N C(A) = Tl (A) (I — D)) + (I — D(V))

= W(p,A) = B(A)Loo(p, ).

Then, in the matrix (A.6), we add the first row of block no. (4,3) multiplied on the right by the
matrix (I, — D(X)) to the first row of block no. (4,1). (Note that the remaining two lower rows of
the above blocks are zero, which follows from (29) and the form of the matrix K;()).) Using the
intermediate reasoning in the chain of equalities (A.9), we arrive at the relation

[1,0,0] K1 (A)C(A) = [1,0,0]Q21(p, \) (I — D(N))
_ ( (IZ+C(A)H12(A))C(A)] - C(MI1 () (In — D(N)) L, A0
— o\ L = DO (T = DO = L) (L= D)) | |~
Due to formula (A.8) and the relations (A.9) and (A.10),
W —BLoy —BLo —BLgolly Onx3
Wy V() = —Ly  plp, — L1 _Llonil Onyx3
W —BLy —BLoy pl,— All;y —V;,C — BLooll;1  —Q12
03%n 03%ny —Q21 pl3 — Qa2

In the matrix Wi (p, \)Q2(\), we multiply the first row of blocks by (—1) and add it to the third row,
replacing the third row of blocks with the result. Let £2; denote the matrix of this transformation.
Obviously, |Ql| =1 and

W —BLyy —BLn —BLgolliy Onx3
—L I, — L —Lqpll 0
WL (. N)Q(N) = 10 plp, 11 oty n1x3
0n><n 0n><n1 pIn - AHH - ‘/z'oc _Q12
_ _ (A.11)
03xn 03%n, Q21 pl3 — Q22
WO(pv )‘) W(pv )‘)

9

Ont1)x(ntny) Plnts — Q(p, )
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where the block W(p, A) is defined straightforwardly. The structure of the matrix (A.11) shows
that the function colle, z92] is defined by a system with the characteristic matrix I,+3 — Q(p, \)
(i.e., by system (30), which is pointwise degenerate). Therefore, eicol[e(t), 222 (t)] = 0, t > tg + t2,
i=1,n+2. So, for t >1t,, we have t; = to + t2 + y5h, where v5 is the maximum degree of the
variable A in the block f/Iv/(p, A), and the function col[z,z] is defined by a homogeneous system
with the characteristic matrix (14), which is also pointwise degenerate. Hence, for t; = t1 + t4,
where 1 is given by (12), the identities €,col[z(t), z1(t)] = 0, t > t1, hold. In combination with (A.7),
this result implies the pointwise degeneracy of system (1), (2), (34)—(36).

Due to the form of the matrix Q1 Wi(p, \)Q2(A) in (A.11) and equalities (28) and (13), the
eigenvalues of system (1), (2), (34)-(36) are determined by the roots of the polynomial d;(\)dg(\).
The proof of Proposition 1 is complete.

Proof of Lemma 2. Let us introduce the new variable X (t) = (I, — D(\p))x(t), t > 0, in sys-
tem (1). Then z(t) =p(Ay)X(t), t > hdegyIIp(N), and the function X (¢) is defined by the
delayed system

X(t) = AQO)Ip(A)X (1), t > hmg. (A.12)

As is known, the smoothness of the solution of the delayed system (A.12) increases by one when
increasing the time variable by the value mgh. Therefore, for the given number p; and ¢ > mgh +
(p1 — 1)moh = pymoh, the function X (¢) is such that X € C ([prmoh, +00), R™), and the desired
conclusion follows. The proof of this lemma is complete.

Proof of Lemma 3. By condition (10), there exist [15; 25, p. 228] polynomial matrices M;;(\)
and K;;(\) of appropriate dimensions such that

9

I, — D(A) = AB(A)M11 (M) —)\B()\)Mu()\)‘

—AMa1 () I, — AMas(N\)
(A.13)

—AK21(N)C(A) I} — AK9()\)

I, — D\ = AK11(\)C(\)  —AK(N) ‘ B

We define the matrices

011 (N) = Orsn, U12(N) = [AM12(2), AM1x(A), Opa

B O(r><n)
Usi(N\) = |=AK11(M\) |,
—AK51 ()
AMaa () AMa1 () 07
Usa(A) = [AB(A)M12(A) D(A) + AK11(A\)C(A) + ABA)M11(A) AK12()\)
O5¢rr AK91(AN)C(N) AK99(N)

Note that U;;(0) are zero matrices. Let us denote

In On><7“ 0n><n Onxl

- 3 0 I, 0 0rx1
- - 1 _ |Yrxn r rxn  Urx
I'(\) = E(Ispyrt1 — D(N)E™", where E T A

Orsn Oiser Opxnn g
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Direct verification shows that

r(\) =

I, — D(A) = AB(A)Mi1(A) —AB(A)Mia(A) —AB(A)Mi1(A) Onxt
—AM31(N) I — XMoo () —AMa1(N) Orxt
O Opser I, — D(A) = AEn(AN)C(\)  —AK1())
O7n O5¢rr —AK21(N)C(N) I} — AK95()\)

In view of the identities (A.13), we conclude that |[['(A)| = 1, and the relation (42) is immediate.
The proof of this lemma is complete.

10.

11.

12.

13.

14.

15.

16.
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